For a given polarization L of an arbitrary symplectic manifold M we construct a Fedosov-type star-product
Introduction
In [9] B.V.Fedosov gave a simple construction of deformation quantization of an arbitrary symplectic manifold (see also [10] ). Later J.Donin [6] and D.Farkas [8] show the algebraic nature of Fedosov construction. The problem of constructing modules over Fedosov deformation quantization which generalize the states of usual quantum mechanics is of great interest. To this end, a notion of adapted star-products was recently introduced [2] . Using the algebraic framework of [6, 8] , in the present letter we construct a Fedosov-type star-product * L adapted to all the leaves of given polarization L of a symplectic manifold M. If M is a so-called bi-Lagrangian manifold, * L becomes a star-product with separation of variables in the sense of Karabegov. Plan of the present paper is the following. In Sec. 2 we consider the Koszul complex for Weyl algebra, in Sec. 3 we define various ideals associated with L, in Sec. 4 we define Fedosov complex and prove the main result.
The author is grateful to L.L.Vaksman for constant support during the work.
Koszul complex and Weyl algebra
Let M be a symplectic manifold, dim M = 2ν, A = C ∞ (M) an algebra of smooth functions on M with pointwise multiplication, and E = ΓT M a set of all smooth vector fields on M with the natural structure of an unitary A-module. By T (E) and S(E) denote the tensor and symmetric algebra of E respectively, and let ∧E * be an algebra of smooth differential forms on M. Let ω ∈ ∧ 2 E * be a symplectic form on M and let u : E → ∧ 1 E * be the mapping u(x)y = ω(x, y), x, y ∈ E. Let
Define the Koszul differential of bidegree (−1, 1) on T (E) ⊗ ∧E * as
Let λ be an independent variable (physically λ = −i ). In the sequel we will write A, E etc.
etc. Let I W be a two-sided ideal in T (E) generated by relations x ⊗ y − y ⊗ x − λω(x, y) = 0. The factor-algebra W (E) = T (E)/I W is called the Weyl algebra of E and let • be the multiplication in
] is the commutator of vector fields on M. It is well known [7] that always we can choose a distribution
. . , ν and β, β 1 , . . . = ν + 1, . . . , 2ν. Suppose E has a 2ν-dimensional basis {e i | i = 1, . . . , 2ν} as A-module. Choose it in such a way that {e α | α = 1, . . . , ν} and {e β | β = ν + 1, . . . , 2ν} are the bases in L and L ′ respectively. Let i 1 , . . . , i p = 1, . . . , 2ν and let I = (i 1 , . . . , i p ) be an arbitrary sequence of indices. We write e I = e i 1 ⊗ . . . ⊗ e ip and we say that the sequence I is nonincreasing if i 1 ≥ i 2 ≥ . . . ≥ i p . We consider {∅} as a nonincreasing sequence and e {∅} = 1. We say that a sequence I is of α-length n if it contains n elements less or equal ν. Let Υ n be a set of all nonincreasing sequences of α-length n and Υ n = ∞ p=n Υ p . Then a variant of Poincare-Birkhoff-Witt theorem holds [4, 15] .
Let ι m (m = 1, 2) be a natural embedding of mth direct summand in the rhs of Theorem 1 (c) into T (E), so µ S,W |S(E) = µ S,W ι 1 . Then from Theorem 1 (c) it follows that a short exact sequence of A-modules 0
splits, then we have another short exact sequence of A-modules
and ι 1 ⊗ id is a natural embedding ofS(E) ⊗ ∧E * into T (E) ⊗ ∧E * . It is easily seen that δ preserves I W ⊗ ∧E * , so it induces a well-defined differential on W (E) ⊗ ∧E * due to (1) . It is well known that u is an isomorphism due to nondegeneracy of ω. So we can define the so-called contracting homotopy of bidegree (1, −1) on S(E) ⊗ ∧E * which to an element
where ⊙ is the multiplication in S(E), assigns the element
a mn , where a mn ∈ S m (E) ⊗ ∧ n E * and τ : a → a 00 is the projection onto a component of bidegree (0, 0). Carry δ onto S(E) ⊗ ∧E * using the canonical homomorphism µ S ⊗ id. Then it is well known that the following equality
holds. Carry the grading of S(E) onto W (E) using the isomorphism S(E) ∼ = W (E), then W 1 (E) ∼ = E and we will identify them. It is easily seen that δ preservesS(E) ⊗ ∧E * , then it commutes with A-module isomorphism µ W ι 1 (µ S ι 1 ) −1 ⊗ id due to the remark after eq. (1). So each arrow of the following commutative diagram of A-modules commutes with δ.
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Carry the contracting homotopy δ −1 and the projection τ from S(E) ⊗ ∧E
The ideals
Let I ∧ be an ideal in ∧E * those elemens annulate the polarization L, i.e. I ∧ = ∞ n=1 I n ∧ , where
It is well known that I ∧ is locally generated by ν independent 1-forms which are the basis of I 1 ∧ . From the other hand, L is lagrangian, so from the dimensional reasons we obtain u(L) = I 1 ∧ , so
Let I L be a left ideal in W (E) generated by elements of L and
Then from (4) it follows that
Proof. Since L is lagrangian, we have e α 1 • e α 2 = e α 2 • e α 1 . Then from Theorem 1 (b) it follows that I L is contained in span{µ W (e I )| I ∈ Υ 1 }. From the other hand, I L contains all the µ W (e I ), I ∈ Υ 1 , so it contains span{µ W (e I )| I ∈ Υ 1 } too and we have
, which proves the lemma.
From (4) 
* , then using Lemma 1 we obtain
Remark. The choice ofS(E) in Theorem 1 is crucial for our construction of contracting homotopy of δW • . The usual choice of submodule S ′ (E) of symmetric tensors in T (E) instead ofS(E) yields another contracting homotopy of δW
• which does not preserve I.
Let ∇ be an exterior derivative on ∧E * which to an element α ∈ ∧ n−1 E * assigns the element
Let ∇ x y ∈ E, x, y ∈ E be a connection on M, then we can extend ∇ x to T (E) by the Leibniz rule. It is well known that we can always choose ∇ to be symplectic, i.e.∇ z ω(x, y) = ω(∇ z x, y)+ ω(x, ∇ z y) for all x, y, z ∈ E. It is well known that such ∇ x preserve I W for all x ∈ E, so it induces a well-defined derivation on W (E). Now consider ∇ as a map
Then it is well known that ∇ may be extended to a derivation of bidegree (0, 1) of the whole algebra W (E) ⊗ ∧E * whose restriction to ∧E * coincides with (7)
Proof. Let {ẽ i | i = 1, . . . , 2ν} be a local basis of E * dual to {e i }, i.e.ẽ i (e j ) = δ i j . Then from the well-known theorem of basic algebra it follows that an arbitrary a ∈ W (E) ⊗ ∧ n E * may be represented in the form a = It is easily seen that {ẽ β | β = ν + 1, . . . , 2ν} locally generate I ∧ , so
From the other hand, a α 1 ...αn = a(e α 1 , . . . , e αn ) ∈ V due to the lemma's conditions. So a ∈ V ⊗ ∧E * + W (E) ⊗ I ∧ .
Suppose the integral submanifolds of L are totally geodesic, i.e.
For a given L, a symplectic connection which obeys (8) always exists ( [14] , Lemma 5.6). Then ∇ x I L ⊂ I L ∀x ∈ L, so using Lemma 2 we obtain ∇I L ⊂ I. From the other hand, the involutivity of L together with (7) yield ∇I ∧ ⊂ I ∧ (Frobenius theorem), so we finally obtain ∇I ⊂ I.
LetR ∈ E ⊗ E * ⊗ ∧ 2 E * be the curvature tensor of ∇, i.e.
Then from (8) using the involutivity of L it follows thatR(x, y)z ∈ L ∀x, y, z ∈ L. Then Lemma 2 yieldsR(x, y) ∈ I ∀x, y ∈ L. From the other hand,R(x, y) , y) ) ∀x, y ∈ E. Then using (6) and Lemma 2 we obtain R ∈ I. which coincides with the notations of [9, 10] .
be the torsion of ∇. Then analogously to (10) we obtain T ∈ I.
Suppose ℘ is a leaf of the distribution L, Φ = {f ∈ A| f |℘ = 0} is the vanishing ideal of ℘ in A, and I Φ = ΦW (E) ⊗ ∧E * , I fin = I + I Φ are homogeneous ideals in W (E) ⊗ ∧E * . Then due to (5), (6) we can define the subcomplex δI • fin = (I fin , δ) with the same contracting homotopy δ −1 . Note that τ (I fin ) = Φ, then using (2) we obtain
It is easily seen that vector fields of L preserve Φ, i.e. (∇f )(x) ∈ Φ ∀f ∈ Φ, x ∈ L. Then from Lemma 2 we obtain ∇Φ ∈ I Φ + I 1 ∧ , so we finally obtain
Fedosov complex and star-product
Let W (i) (E) be the grading in W (E) which coincides with W i (E) except for the λ ∈ W (2) (E), and let W (i) (E) be the decreasing filtration generated by W (i) (E). Suppose W (E), I are completions of W (E), I with respect to this filtration, then I is a left ideal in
, so τ is continuous in the topologies generated by W (i) (E) and A i and thus can be extended to a mapping W (E) → A. Since δ, δ −1 and ∇ have fixed bidegrees with respect to bigrading W (i) (E) ⊗ ∧ n E * , we can extend them to derivations of W (E) ⊗ ∧E * in such a way that Eq. (2) remains true and they preserve I. So we will write A, W (E) etc. instead of A, W (E) etc. Let
Then it is well known that the sequence {r n } has a limit r ∈ W (2) (E) ⊗ ∧ 1 E * . Then we can define well-known Fedosov complex DW • = (W (E) ⊗ ∧ n E * , D) with the differential ( [9, 10] , see also [6, 13] for the case of nonzero torsion)
where [[·, ·] ] is the commutator in W (E) ⊗ ∧E * . Let F be an Abelian group which is complete with respect to its decreasing filtration
for all a, b ∈ F . Then the map Id + ϕ is invertible.
, then it is well known that δQ = QD and from Lemma 3 it follows that Q is invertible, so it is a chain equivalence and we obtain
Using (6), (9), (10), (11) and taking into account that I is a left ideal in W (E) ⊗ ∧E * we have r n ∈ I for all n, so r ∈ I. Using (5), (6) , (9), (13) we see that DI fin ⊂ I fin and QI fin ⊂ I fin , so we can define the subcomplex DI • fin = (I fin , D) and using Lemma 3 we obtain H n (Q) :
, n = 0, 1, 2, . . . Then due to (3), (12) we have the following diagram
Then we can define the Fedosov-type star-product
Then from (14) we see that Φ is a left ideal in
. Since the choice of ℘ does not affects * L , we have proved the following theorem. This extends the results of Xu [14] who constructed commutative subalgebra of A associaded with a lagrangian submanifold.
Suppose L ′ is a polarization, then M is a bi-Lagrangian manifold [7] (called the Fedosov manifold of Wick type in [5] ) and we can choose a connection on M such that ∇ z x ∈ L and This extends the results of Bordemann and Waldman [3] who constructed a Fedosov starproduct of Wick type on arbitrary Kähler manifold.
